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What is a hierarchical model?

There is not a single authorative definition of a hierarchical model.

Gelman, 2014
Estimating the population distribution of unobserved parameters.
Multiple parameters related by the structure of the problem.

Junker, B., 2006
”A model where there is some sort of hierarchical structure to the
parameters.”

Kruschke, J. K. and Vanpaemel, W., 2015
”Probability of one parameter can be conceived to depend on the
value of another parameter”.
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What is a hierarchical model?

Simple Hierarchical Model
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Hierarchical Bayes Estimation

In hierarchical Bayesian estimation, we not only specify a prior on the
data models parameter(s), but specify a further prior (called a
hyperprior) for the hyperparameters.

This more complicated prior structure can be useful for modeling
hierarchical data structures, also called multilevel data.

Multilevel data involves a hierarchy of nested populations, in which
data could be measured for several levels of aggregation.
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Hierarchical Bayes Estimation

Assume we have data x from density f (x |θ) with a parameter of
interest θ .

Typically we would choose a prior for θ that depends on some
hyperparameter(s) φ .

Instead of choosing fixed values for φ , we could place a hyperprior
p(φ ) on it.
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Hierarchical Bayes Estimation

Our posterior is then:
p(θ, φ|x) ∝ L(θ|x)p(θ|φ)p(φ)

Posterior inference about θ is based on the marginal posterior for θ:
p(θ|x) =

∫
φ p(θ, φ|x)dφ

Except in simple situations, such analysis typically requires MCMC
methods.
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Incidence of Tumors in Rodents, Gelman et al. (2014)

Let’s develop a Hierarchical model using information so far.
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Incidence of Tumors in Rodents, Gelman et al. (2014)

We also have the following data about the incidence of this kind of
tumor in the control groups of other studies:
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Incidence of Tumors in Rodents, Gelman et al. (2014)

Including the current experimental results, we have information on 71
random variables θ1, .....θ71.

We can model the current and historical proportions as a random
sample from some unknown population distribution: each yj is
independent binomial data, given the sample sizes nj and
experiment-specific θj .

Each θj is in turn generated by a random process governed by a
population distribution that depends on the parameters α and β.
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Incidence of Tumors in Rodents, Gelman et al. (2014)

This relationship can be depicted as graphically as
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Incidence of Tumors in Rodents, Gelman et al. (2014)
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Incidence of Tumors in Rodents, Gelman et al. (2014)
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Incidence of Tumors in Rodents, Gelman et al. (2014)

Then, the unnormalized joint posterior distribution p(θ, α, β|y) is

We can also determine analytically the conditional posterior density of
θ = (θ1, θ2, .....θj):

Note that equation p(θ, α, β|y) , the conditional posterior, is now a
function of (α, β). Each θj depends on the hyperparameters of the
hyperprior p(α, β).
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Incidence of Tumors in Rodents, Gelman et al. (2014)

To compute the marginal posterior density, observe that if we
condition on y, we have

If we put the equations on the previous slides, we see

which is computationally tractable, given a prior for (α, β).
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Incidence of Tumors in Rodents, Gelman et al. (2014)

From the full model,

the complete conditionals can be obtained.
P(θi |rest) = Beta(α + yi , β + ni − yi )
P(α|rest) ∝ [ Γα+β

Γα ]J
∏J

j=1 θ
α
i p(α, β)

P(β|rest) ∝ [ Γα+β
Γβ ]J

∏J
j=1(1− θi )βp(α, β)

This suggests:

Gibbs steps for θi ’s: θi ∼ Beta(...)

Metropolis steps for α and β using Normal proposal draws which is
random walk M-H. Normal variances are ”tuning parameters.”
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Incidence of Tumors in Rodents, Gelman et al. (2014)

Recall:θ ∼ Beta(α, β), so E [θ] = α
α+β and Var [θ] =

√
1

α+β

What is a reasonable prior distibution of (α, β)?

One reasonable way for prior distibution of (α, β) is as follows,
Let’s consider the new parameters η1, η2;
η1 = α

α+β where 0< η1 <1

η2 =
√

1
α+βwhere 0< η2 <1

Consider a hyperprior for (η1, η2). That is,
p(η1, η2) = U(0, 1)U(0, 1)
p(η1, η2) = 1

Then, transforming back to (α, β) using Jacobian, we get
p(α, β) ∝ (α + β)−5/2
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Incidence of Tumors in Rodents, Gelman et al. (2014)

Kalaylioglu, 2018:
”Why do we waste our time on analtyic derivations?
Because computational algorithm is created using the analytical
derivations.”
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Implementation in R

Reading the data set.
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Implementation in R

Then, we write the following function for drawing θj .
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Implementation in R

Then, we write the following functions for drawing α and β using
M-H.
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Implementation in R

After this, the following function that includes MCMC algorithm for
the problem is written.
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Implementation in R

Then, we run the function on the previous slide for 2 different initial
values with 10000 iterations.
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Implementation in R

After running the chain, a 1000 update burn in followed by a further
10000 updates gave the parameter estimates and related statistics.
The following table shows first 6 parameters.

As a rule of thumb, the simulation should be run until the Monte
Carlo error for each parameter of interest is less than about 5% of the
sample standard deviation.
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Checking Convergence

There are three ways to check the convergence.

Trace Plot

ACF plot of Samples

Gelman-Rubin Statistic
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Trace Plot

Trace plot shows the variable value against the iteration number.

If you are running more than one chain simultaneously, the trace plot
will show each chain in a different color. In this case, we can be
reasonably confident that convergence has been achieved if all the
chains appear to be overlapping one another.

∴ Convergence is achieved.
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ACF Plot

The ACF shows that there is only one significant lag as we expected.

∴ Convergence is achieved.
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German Rubin Statistic

Generate R replicate in M chains from well-dispersed starting values.

Compute

If R̂ < 1+ε, convergence is assessed.
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German Rubin Statistic

The following function is helping us to calculate the R̂.
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German Rubin Statistic

After running the function for each parameter, we get,

Less than 1.
∴ Convergence is achieved.
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Density Plot

For first 6 estimates.

Right skewed distributions.
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Short Comparison with OpenBUGS

We achieved convergence in both softwares.

Corr(R,OpenBugs)=0.9999664.

OpenBUGS run the chains with 10000 iterations in 6 seconds.

R run the chains with 10000 iterations in 7.2 seconds.

OpenBUGS has 12 lines codes

R has more than 100 lines code.

Therefore, OpenBUGS is faster and easier than R in hierarchical
parameter estimation.

Ozancan Özdemir (METU) STAT 565 25.12.2018 33 / 36



Conclusion
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